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Abstract - In this paper, the presentation will be on existing
model called integro-differential equation of tumor growth that
accounts for cell cycle arrest and cell death induced by periodic
chemotherapy. Necessary and sufficient conditions for the
global stability of the cancer —free equilibrium are derived, and
conditions under which the system evolves to periodic
solutions are determined.
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I. INTRODUCTION

In this paper, analyze the following equation which models the
response of a population of tumor cells to periodic treatment
with chemotherapy

‘f—N(l N-J._ . e(u)e”IN(U)du)- a(tN. (1)

Define the functional f: R=C[-a,0]— R as
f(ENQ))=) L (t+u)e ™™ IN(U)du.

Define, N (.) €C[-a,0] as

N(O)= N(t+x).0 . e (u)e™N(u)du=f(t,Ny(.)).Equation is
r_ewritten as

=Z=N(L-N-F(EN)))-a(ON. @

This equation is called a non-local delay differential equation.

e N(t) represents the number of tumor cells at time t.

e Cells are grow logistically in the absence of treatment
and chemotherapy with period t .

e  o(t) represents the rate of cell arrest with period 1.

e The integral term represents the number of cells in the
arrested state at time t.

e The proliferating cells die at a rate p(t).

The stability of the trivial solution N(t)=0 of equation 2,
corresponding to a cancer free equilibrium. Using above
techniques, prove existence of a periodic solution, when the
cancer free equilibrium is unstable. Finally, conclude with a
brief discussion.

Il. PRELIMINARIES

A. Integro - Differential Equation

In mathematics, an integro- differential equation is an equation
that involves both integrals and derivatives of a function [5].

B. Delay Differential Equation

In mathematics, delay differential equations (DDES) are a type
of differential equation in which the derivative of the unknown
function at a certain time is given in terms of the values of the
function at previous times.A general form of the time-delay

differential equation for x(t) € R" is F,i__x(t):f(t,x(t),xt) , Where
Xe={x(1)T<t]}. h
a) Examples

= Continuous delay
—X(t) fi(t, x(t), /__x(tr)du (v)

= Discrete delay

— X(O)=F(t.x(1), x(t-10),...

. ‘L-inear with discrete delay
—X(O)=AXO)+AX(tT)+. . +ARX(t-Ty), Where
Ko,...,AmEIR{”x”.

X(t-t)) for 14,...,71>0.

C.  General First Order Linear Equation

The general first order linear integro-differential equation is of
the form —u(x)+| i t,u(t))dt= g(x,u(x)), Xo)=Ug  Xg=>0.

I11. ANALYTICAL RESULTS

Leta=1/r [, a(£)dt.

Numerical simulations of,

2= N(L-N-f(t, N))-2 ()N

Now, when a1, lim,._._. N{£1=0.

To prove the global stability of the trivial solution N=0 for
a= 1.

When a= 1, the system evolves to a periodic solution.
Assume, N(t)= 0 for t= 0 and 0<N=N(t=0)=1, where 1 is the
carrying capacity of equation 2,in the absence of treatment.
From equation 2,N(1)

exp([; {1 = M(s) —f(s,N(.)—(s)}ds)

=N

A.  Stability Of The Cancer Free Equilibrium

Lemma 1-Let a<Il. Then N=0 is a globally stable fixed point
OfSZ=N(L-N-F(tN()))-a(ON.

Proof For any C'—[O ], and for any integer n>1.

NG N
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SNGH=N© e [ (7 (e () +N)dt.
SNE1)=NOE(DAL)B(C)

Where, E(@)=c"""? A(Q)=c[; (£ (t.N(.))+N) dt and B,(¢)=¢
L N O)+N)d,
Claim:lim,,_ .. N((+n1).

Case (1): a=1

Now, @ 1,2lim,_ . E(a)=0.
Additionally, a(t),N(t)>0.
=A(0), By(=<I.

Therefore from above equation,
we have, lim,_.. N({ +nt)=0.

Case (2): a=l.

When a=1, lim,_.. E(a)=1.

Let limr_.. -If':f(tth(-))'l'N)dt:k, where k>0.

Now, suppose that k<oco. Then,lim,_.. N({+nt)=n({), where
0<n(s)=k(N({)A(¢) is continuous on [0,].

As A(0) and By (0) are exponentials with negative exponents,
the sequences {N({+nt)},(E[0,7] decrease monotonically , and
deduce that N(t)>nmin¥t.This contradicts original assumption
that k is finite: if N(t) is bounded from zero then,

limp_ . [ (F(tN(.))+N)dt must diverge.

Hence, for each { £[0,7] then,lim,,_... N({+nt)=0.
By introducing ¢ =0, since im,_.. ¥(nt)=0, 3n.>0
Such that N(nt)<ze™, ¥n = 7,

Define, t.=n.t. Consider any t>t..

Then 3 n>n. such that t = nt+{,

where C € [0,1).

By first part of this lemma,

_I‘; (1-z(t))dt<t for {E[0,1]

We have, ) .
NO=N(noexp{ [; (L-a()di-for  FEN N = vt e,
Thus lim,_... N(t)=0.

Lemma 2-1f N=0 is a globally attracting fixed point of%zN(l-

N-f(t,N(.)))-a(t)N, then a>1.
Proof:Suppose a>1 and choose &>0 such that a<1-d<1.
Let am=Mmax t£[0,1] a(t)

Then, f(t,N))< o/, ¥(U)du.

Sincelim,_.. Nt} = 0. given £>0, 3t.>0, such that N(t)
<EVE>t,.

Choose £=5/(1 +oua,).

Then, ——dt =1-N-F(t,N(.))-0(t)

a3

,,,,,, B O -U,(t)),"-"'tEEE +a,

N

> \j ->exp{ 1(1-6-a)} >1,by suitable choice of &.
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Therefore, the sequence {N(t.+nt)}, is strictly increasing,
which contradicts the assumption that,
lim,_ .. N(t)=0.

Theorem 1:

N=0 is a global attractor for equation 2,iff &> 1.
Proof:

The proof follows from lemmas 1& 2.

Theorem 2:
For 0<a<1,0<p and 0<a,, N , is a locally stable steady state

OfEX=N(L-N-F(LN())-a(ON , if a<dpe™™,.
Proof:

The following system of delay differential equations, on
making the substitution;
M() = f(tN()/ o

E2=N(1-a-N-aM)

Fuop

T =N-yN(t-a,)-pM.
The steady states of above equations are (0,0) and (N,,N,(1-
Y)/p).
The non- zero steady state, obtain the following characteristic
equation;
A2+ (N Hp)hH(pr+o)Np-oryNpe ™, =0.
When a,, the roots of above equation are

=-p and A=-(1-a).
So, N, is stable.
To show that this is not possible when 4pe”™; >.

If possible, let A=y ERbe a root of above equation. Then y
satisfies,

-y2 H(pto)N,— (xy."-."_:,COS(ya_v) =0

( Np+2)y+aylV, sin(y a,)=0

From above equation, it follows that, y*+By?+C=0, where
B=N2p-2(le+p2 and

C= (1-y)’e*20p+p°.

In particular,4pe”™ >a.

=B’ 4C<0

That is, y €R, a contradiction.

IVV. APPLICATION

Phase Specific Models For Cancer Chemotherapy As Optimal

Control Problems:

Recent models for cancer chemotherapy are cell-cycle specific

and treat the cell cycle as the object of control [3],[6]. Each cell

passes through a sequence of phases from birth to cell division.

Since most drugs are active in a specific phase of the cell-

cycle.

e The starting point is a growth phases G, after which the
cell enters a phase ‘s’ where DNA synthesis occurs.

e The second growth phase G, take place in which the cell
prepares for phase M.

The drug is proportional to the number of ineffective cell
divisions in G,/M phase with a factor s,0<s<1.Therefore, while
all cells a;,N, leave the compartment G,/M only a fraction (1-

230



Integrated Intelligent Research (1IR)

su)a,N, of cells reenters phase Gj/s and undergoes cell
division.Thus the controlled mathematical model becomes

N; = -a;N; + 2(1-5u)a;N2,N; (0)=N1o
N, = a;N; - a,N2,N2(0)=Ny,

With all initial conditions positive. For s<- the total number of

cancer cells cannot be reduced and thus we will generally also
assume that s>~

If the set N=(Ny,N,) then the general form of the system
N(t) = (A+suB)N(t), N(0) = N
Where A and B are fixed (2x2) matrices given by
(e Zap) L _r0 —2a;)
A_II-._ f,.'.: —ISC:-]’ B_I'\U |:|-|

Clearly only states N(t) for which each coordinate is positive.
If each coordinate of N(t,) is positive, then all coordinates of
N(t) remain positive for all times t>to.

Therefore, s<- the total number of cancer cells cannot be

reduced but if s>iﬁ, the cancer cell can be reduced.

V. CONCLUSION

An integro - differential equation that models the response of a
tumor growing in periodic exposure to a chemotherapy which
causes cells first to become growth arrested and then induces
cell death within a fixed time period.The global stability of the
cancer free equilibrium and the existence of a periodic solution
in the case when the cancer free equilibrium was unstable is
studied.The periodic solution found in existence of periodic
solutions is globally attracting. In terms of using phase specific
models for cancer chemotherapy as optimal control problems
and determining a minimum amount of drug required to
eliminate the cancer.
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